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PREFACE

As one of its contributions to the improvement of mathematics
in the schools of this country, the School Mathematics Study
Group has preparéd g series of sample text materials for grades
4, 5 and 6 under the title "Mathematics for the Elementary
School". These are designed to illustrate the kind of mathe-
matics curriculum that we bellieve appropriate for elementary
schools.

As its title in&icates, this booklet congists ¢f three units .
selected from "Grade h".of("Mathematics Tor the Elementary
School”. _ ‘

To teachers gnd schools who decire to use these three selected
units, we would suy that it is imperat ve that they have the
textbook, "Mathematics for the Elementary School, Grade L",
and the Teachers' Commentary for thic textbook. The complete
textbook and the related teachers'! commentasy provide a means
py which a teacher may ¢ain an undafstanding of the sequence
of units to which these selected three are related. The commen-
tary is essential to sny teacher teaching one or more of these
units.

There are two important reasons for selecting these particular
units. First, pupils who have not completed "Mathematics for
the Elementary School, Grade 4" but are to undertake "Grade 5"
should as minimum preparation have completed these three units
‘along with a conventional grade 4 program. Second, it is
gg;ious that they are useful in sugmenting a conventional
program. However, their use with conventional materials will
require special attention to the use and growtn of the ideas
once introduced.

The three units included in this selection are as follows:

Concept of Sets Chapter 1
Sets of Points Chapter 5
Concept of Fractional Numbers Chapter 10

~a



Chapter 1
CONCEFT OF SETS

THINKING ABOUT SETS

These are pictures of sets.
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A Set of Stars A Set of Toys A Set of Flowers An Empty Set

You can think of many sets of things--
The set of children in your school;
The set of children in your class;
The set of numbers, 1, 2, 3, 4, 5, and so on;
The set of numbers, 1, 3, 5, 7, 9, 11, and so on;
The set of numbers, 2, %, 6, 8, 10, 12, and so on;
The set of letters in the alphabdet;

The set of boys in your class who are ten feet tall.

//

A set 1s a collection of things. Some of these collections
can be sets of objects, sets of people, sets of pilctures, and

sets of numbers. Think of some examples of sets of things.



A thing that belongs to a set is a member of that set.
Each of the letters, b, r, s, t, ¥y, 1s a member of the set of
letters in our alphabet. You are a member of the set of children

in your school.

There are sets that have only one member.

The set of letters in our alphabet between d and f has only

one member. It is the letter e.

There are sets that have no members. The set of children
in your class, who are less than four years old, has no members.

If a set has no members, it is called the empty set.

We use capital letters for names of sets.

You may use any capital letter you wish.

The letter you choose may help you remember the set.

The states New York and California are members of the set of
states of the U. S. A.

We may call this set, Set C. We write
C = {New York, California}

The counting numbers between 4 ana 8 are 5, 6, 7.

~ We may call this set, Set N. We write:

N = {5, 6’ 7)




Exercise Set 1

Name the members of each set:

\n

10.

The first five Letters of the alphabet.

The numbers that you use when you count the first five

children in ycur classroom.

Tre numbers counting by 2!s, beginning with 1 and
ending with 9.

The numbers counting by 2's, beginning with 6 and
ending with 16,

The letters in your first name,

(A letter may appear in your first name more than once.
Use 1t only once in the set,)

The days of the week whose names begin with "M",

The boys 4n your class less than six years old,

The months of the year whose names begin with letter 7T,

The numbers between 30 and 40 that are larger than 50,

BRAINTWISTER: The letters which are in the name of your

school and not in your last name,



NUMBERS

When you first learned to count, you began with 1. You
counted 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, and so on. You
can count much farther than 12 now. No matter how far you can
count, there are still more numbers. If you knew how to count
them, you could keep on counting as long as you live. Then,
there would still be more numbers. These numbers used in

counting are called counting numbers.

In arithmetic there is the set of numbers called the set of

whole numbers. These numbers are 0, 1, 2, 3, 4, 5, 6, and so on.

We may write the set of whole numbers this way:
w-{oillgljpuDSDSIG'-)

We may write the set of counting numbers this way:

C = {l: 2, 3, k, 5, 6: L -]

We cannot write all the whole numbers. We use the three dots, ...
to mean that there are more numbers than we can write.

The number O is the first one written in Set W,

The number 6 4is the last number written in the Set W.

But, the number 6 is not the last whole number.

It i{s Just the last number written in Set Ww.

We write:
W= (09 ls 29 31 -*-}
w - {0! ll 2! }l “l 5! 6} 7! 8} 9, 10, llg 12! n.-}

We have used two different ways to name the same set.




Count "by 21s" beginning with the number O.
You count 0, 2, 4, 6, %, 10,.12, 14, 16, 18, 20, 22, . . .

These numbers that you name are called evern numbers,

The numbers 0, 2, &, o, 8 _, ., _, are called even numbers,
The numerals 33, o4, 7v, 128, 100, 200, 1352, are names of some

aven numbers,

Count "by 213" begirning with the number 1.
YOU Count l, 3, r" 7, 9’ ll) 13, 3.5, 17, 19, 21, 23, . - e
The whole numbers that you name when you count "by 2ts"

beginning with 1 are called odd numbers,

-~

The numerals 2-, 37, 41, 3, 101, 421, 1247, are names of some

odd numbers,

Here are some more sets of things.

Mary a Set A 1s a set of words,
tree o} The number of words in Set A is 5§,
pen ¢

Set B is a set of letters,
car d :

The number of letters in Set B is &,
picture
Set A Set B

RS



The number of odd numbers in the set of counting numbers between

l and 20 1is 9., The members-of this set are 3, 5, 7, 9, 11, 13,
1>, 17, 19.

The number of words in the set { )} is 0.
Therce are no members of this set,
We call this set the empty set,

The number of the empty set 1s zero. .

. We us® numbers to tell how many members are in a set.

Exercise Set 2

Here are some sets in 1, 2, 3, 4, and 5. Below eacn set

are groups of vords, Vhich best describes each set? 1Is 1t a),
b), or c¢)? lrite your ansuver. Then tell how many members are in

that set, ~

1 . [1’ 3! 5) 71 9}
a}) a set of small numbers
b) the set of 3ll odd numbers

c) the set of odd numbers less than 10

2. ({Tuesday, Thursday)
a) the set of school days

b) the set of the last two days in the week

]

c) the set of days In thie veek whose names begin with 7T




3. (10, 20, 30,

40}

a) the set of numbers less than &0

b) the counting numbers less than 50 whose numerals end in

Zero

c) the set of even numbers less than 50

4, (chalk, book,

a) a set of
b) a set of

- ¢) a set of

{bus, train,

[
L]

a) a set of
b) a set of

¢) a set of

eraser, pencil)
things you find in a schoolroom
school furniture

things to read

automobile, airplane)
things you see in the sky
things you find in a garage

things people may use when they travel

6, Hewme are some things: potato, 3, Bobby, celery, 3, rock, 5,

George, 15, e, 4, bacon, 6, Mary, u,

David, a, candy, o, 7, i, key

Select the things that are:

a) a set of

boys! names

b) the set of whole numbers larger than 2 and less than 8

c) the set of vowels

d) a set of

e) a sel of

things to eat

things to read



SETS WITHIN SETS -

. We*had some coins in a piggy-bank.
We poured them cut on the table.

This picture shows the way they fell.

Each N shows a . nickel. : P Np P Q Q@ Q

Each P show® a penny. 19 D P

Each D shows a dime, N Pop D Q

.Each Q shows a quarter. DQp N ’ N
\

In the set of coins there is a set of pehnies.

A fence is around all the pennies:
All pennies are inside the fence,.

All other coins are outside the fence.

There 1s another way to show that the set of pennies is

within the set of coins, We can show 1t like this.

The set of coins in the piggy-bank

The set of pennies in
thve piggy-bank

" dow do we show tQF pennies in.the picture?
They are inside the small ring.
where are th=: other coins that are not pennies?
They are outside the sﬁall ring but inside the big ring,

o T

!




N This picture s.iows anctner set

All books in school library ) within a set, The set of books

" Books on on animals is within the set of

arimals all books in the school library,

We can say that 'the set of books on animels is a subset of the

set of all books in the library.

. Exercise Set 3

1. The set of all pupils in your school is within the set of all

pupils in your state, Draw a picture to snow this idea,

2. Make a drawing to show chat the cet of all even numbers 1is

within the set of all wiicle numbers.

3. The drawing below shows that the set »f numerals 5, 15, 25,

35, 45 1s within the set of all numerals ending in 5.

All numerals ending in °

Make a draving to show that the numbe's 10, 20, 30, 40 are

vilithin the set of all whole numbers,.

P (S



4, A set of girls in the fourth grade is Mary, Martha, Karen,
Kathy, Marian, Sue. Call this set, Set S,
€ = [Mary, Martha, Karen, Kathy, Marian, Sue)
Here 1s some information about this set of girls. Use it in

answering the questions in this problem.

Name  Color of Eyes  Color of Hair  Age
Mary blue blonde 9
Martha brown Brown 10
Karen gray black 9
Kathy brown black 9
Marian blue brown 10
Sue brovwn brown 9

a) Write the members cf the ¢ :t of girls who are 10 years

old, Call this set, Set B. Is Set B in Set S§°?

b) Write the members of the set of girls who have gray eyes.

Call this set, Set C. 1Is Set C in Set S§?

¢} Write the members of the set of girls who have black hair
and who are 9 years cld. Casll this set, Set X. 1Is
Set X in Set S?

d) 1Is Set C in Set X7

5. BRAINTWISTER: Make a drawing to show that the numbers 2, 4,

6, 8, 10 are within the set of even numbers and the even

numbers are within the set of whole numbers,

10




EQUAL SETS

Here are two sets of pictures,

ey et

The members of the two sets are the sam.,

If two sets have the same members, the two sets are equal.

The members of equal sets do not have to be in the same order,

Here are some other sets,
A = {apple, pencil]

B = {pencil, apple]

We can say that Set A equals Set B. Ve write: Set A = Set B

M= {51 1, 3}
N={1, 3, 5]

Does Set M = Set N? Why?

Here are two sets of pictures.
These sets do not have the same members,

They do have *he same number of members,

11



@ = {apple, penscil, house}

H = {dog, car, hat)

Set G is not equal to Set H. We write: Set G ¥ Set H
R = [os 1, 2, 3]

P=(1, 2, 3}

Set R 1s not equal to Set P, We write: Set R ¥ Set P.

Exercise Set &

A= (un 5; 7} B = [5: u: ?] C = {7: un 5]
l. Does Set A = Set B?
2. Does Set C = Set A7
3., Does Set C = Set B?

X = [bp a, ¢, k] Y = (cn b, k, ‘] 2= [kp c, ¢, ﬂ)

4, Does Set X = Set Y?
5. Does Set 2 = Set X?
6. Does Set Z = Set Y?

R = {6, 10, 8) s = (10, 7, 8} T = (8, 6, 10}

T. Does Set R = Jet §?

8. Does Set T = Set R?

9. Does Set T = Set 8?7

12
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_ Here are some sets: (Use theae to answer questions 10, 11, lé,
w;}_) ‘
- {3 5, 7, % 2}
- {2, 3, 4, 5, 6)
- (2,3, 4,5, 7]}
(6, 5, 4, 3, 2)
- {5, 3, 7, 2, ¥}
= {2, 4, 6, 3, 5)

. BB O QO W >
]

10. Set A 1s equal to what sets?

1l. Set C is equal to what sets?

]

12. Are Set C, Set E, and Set A equal sets?
13. Which sets are equal to Set D?

14, X = (t, s, r, d},

Think of a set that has the same number of members as Set X
but is not equal to Set X,

Clll_it Set 2.
Copy -and finish: 2Z = { ).

15. B = (3,7, 9, 5).
~ Set E is the set of all odd numbers less than 10.
Which 1s correct? Set B = Set E or Set B ¥ Set E.

16. 3et A is the set of all whole numbers greater than 5 but
-less than 10, O : -
Set B 1is equal to Set A. '
Name the members of Set B.

i 13




i7. D - (%} %p ;}
E= [%p 3‘: %‘]

Whish is correct? Set DX Set E or Set D = Set E.

14
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"THE UNION OF SETS -

John took a hike with his mother and father.
John kept 8 record of the different birds his mother saw.

He kept a record of the different birds his father saw.

{robin erow sparrow]

Set A is the set of different

birds John's mother saw. Set A
Set B is the set of different hawk blue jay
birds Johnts father saw. wren eagle
Set B

To find all the different birds John'!s parents saw, we put Set A

and Set B together. Our set is now

robin, crow, sparrow, hawk, wren, bluejay, eagle

- This set is the union of Set A and Set B.

Ve write:
AL}B = {robin, crow, sparrow, hawk, wren, bluejaﬁ, eagle)

We read A[JB: the union of Set A and Set B.

S

Your class chose some committees for a party.
The committee to select the games was Set G,

The committee to buy the prizes was Set P.

3 = {John, James, Helen, Susan]}

P = [John, Irene, Phyllis, Samuel)

The two committees met together. What pupils attended the
meeting?

6P = {John, James, Helen, Susan, Irene, Phyllis, Samuel])

15



The picture at the right shows rooms

. ] SET C -
in Jane's school. 101 102 103 104
Rooms 101, 102, 103, 104 have windows 1:
’ 1
along one side of the building. 107
Rooms 104, 105, 106, 107, 108 have windows 108

along another side of the building.

C = {101, 102, 103, 104}
D = {104, 105, 106, 107, 108}

We write: C{JD = (101, 102, 103, 104, 105, 106, 107, 108)

We read: The union of Set C and Set D is the set whose members

are 101, 102, 103, 104, 105, 106, 107, 108.

Eddie is learning to play the trumpet and the piano.
His practice schedule looks like this.

'Eunday Monday | Tuesday | Wednesday | Thursday | Friday |Saturday
TRUMPET | TRUMPET | TRUMPET | TRUMPET
PIANO | PIANO PIANO PIANO

Set T is the set of days that Eddie practices the trumpet.

~Set P is the set of days that Eddie practices the piano.

N

T = {Tuesday, Wednesday, Thursday, Friday)
P = {Monday, Tuesday, Wednesday, Thursday)

The union of Set T and Set P is the set of days in the week when
Eddie practices the trumpet or the plano or both,
We write:

T{JP = {Monday, Tuesday, Wednesday, Thursday, Friday)

16
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Exercise ‘ Set 5

1. A = {cat, dog, cow, horse)
B = {duck, norse, pig) ‘
Which one of these sets is the union of Set A and Set B?

X = {cat, cow, dog, duck, horse, pig)
Y = {cow, horse, duck, horss, pig)

2 = {cat, dog, cow, hen, duak, horse, pig)

Answer, Set X is the union of Set A and Set B. We write
AUB = X

2. R -‘[10, 20, 30, 40, 50}
S = (601 70, 80: 90, 100]

Which one of these sets is the union of Set R and Set §?

M= (70, 90, 110, 130, 150}
N = (1000 90; 30, 70) 60’ 50. “0, }0’ 20; 10]

Copy and finish: R{JS =

3. 0 =f{a, t, z, r,m I}

H= {I‘, q, Z, t}
¥hich one of these sets is the union of Set G and Set H?

M= {Qx a, m, J]
N = {a, t, z, r, o, J’ Q r, %, t}

L"(f; J»m, q, r, t, 2) .

Copy and finish: G{JK =




6.

;0!

J = {white, bluel
K = {red, blue)

Copy and

v - {18,
W= {15:
Copy and

finish:

21, 24)
18. 21’
finish:

N = (s, o, a, p}

O= (w, a, ¢t, e,

Copy and

Set P 1is
finish:
Set Q is
finish:

Set R 1is
finish:
Set S 1is

finish:

the set
P =
the set
Q=
the set
R =

the set

than g6.

Copy and

Set T is

and finish:
Set W is
than 1l1. Copy and,éinish: W=

finish:

the set

the set

T w

X =

JUK = /

24, 27)
VUW = :

r} j

NUJO = !
of odd numbers be#ween 6 and 12. Copy and

of odd numbers 1e$s than 7. Copy and
and PUJQ =
of even numbers between 90 and 100. Copy and

of whole.numbers greater than 94 and less

S= , 3 | and RS =
/

of wliole numbers between 65 and 66.
’ |

Copy
of qﬁole numbers larger than 9 and less

and T{JW =

\

Set X is the set of counting numbers between 25 and 30. Copy
and finish:

Set Y is the se# of even numbers betweép 25 and 31. Copy and

finish:

{
Y= |

and XY =

4]
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THE INTERSECTION OF SETS
Look at the picture at the right.

Main Street and Central Avenue cross ,{;é%??i”’ﬂﬁﬂlA/
each other, A part of one street is R 7" STREET
also a part of the other street, €¥<Q

It has been shaded in the picture, €§?§§>

This part belongs to both streets. A ) €§

It 1s the intersection of the twc streets,

Look at these tuwo sets:

Alice Ellen

Betty Ken

Ker Joe

Sue ‘ Sue

Tom Wendy
Set A Set B ‘

Some children are members of both sets,

' The children who are members of both sets are Xen and Sue,

This set may be written {Ken, Sue}.
This set 1s called the intersection of Set A and Set B,
We write: AMB = {Ken, Sue).

We read A[B: the intersection of Set A and Set B,

The symbol ) means "the intersection of."

19
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Here are some more sets:

Set X is the set of numbers we use when we count by fives,

starting with 5 and ending with 30.
X = [5: 10, 15, 20, 25, 30)

Set Y is the set of numbers we use when we count by tens;

starting with 10 and ending with 50.

L

Y = {10, 20, 30, uon 50)
The numbers that are members of both sets X and Y are 10,

20, and 30.

The intersection of Set X and Set Y is the set {10, 20, 30]}.
we write: XY = {10, 20, 30}.

J = [0, 2, 1‘p 61 8! 10, 12: lh’ 16]
K= {11 3 5, 7, 9, 11, 1}: 15]

Set J is the set of even numbers less than 17.

Set X is the set of odd numbers less than 17.

There are noc numbers that are membars of both Set J and
S=t K.

The intersection of Set J and Set K is the set { }.

we writer JNK = { }.

[P
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Exercise Set 6

A = {car, train, taxi, boat]}.

B = (wagon, boat, airplane, train, bicycle].

Which one of these sets is the intersection of Set R and Set B?
M « (car, taxi, wagor, airplane, bicycle)

R = {boat, train)

S={ ) "
Answer-. Set R is the intersection of Set A and Set B. We
write A(B = R, '
D= [1}n 17' 19' 23)
E « {9, 11, 13, 15, 17, 18, 21)
Which one of these sets is the iatersection of Set D and Set E?

P = [13a 170 19: 239 9: 11' 131 151 IT: 19: 21}
Q = {99 llp 151 19: 21)
R = {17' 13}
Copy and finish: D(E =
g =1{d, x, p, r, 3, m)
H=(t, b, 5, n, a)
Which one of these sets is the intersection of Set G and Set N9
I = (as b, d, m, 0, Pp. q, r, s, Fl X) i
J = {d: b, P, qQ, n, m} r
Ka«{ ]

Copy and finish: G{\H =



b. J = {dress, shoe, hat, coat)

K = (shoe, cap, coat, dress)

Copy and finish: JNK =

5. L = {‘n T, &, N, d}
M= (P: i, a, n, o)

Copy and finish: LM =

6. N= (73: 59: sl 81! 63]
Os= (10“1 49, 73, 58: 18: 95}

Copy and tinish: N[O =

7. Set P is the set of wnole numbers less than 7.
Copy and finish: P =
Set Q is the set of whole numbers between 5 and 12,
Copy and finish: Q =
Copy and finish: P(1Q =
and PUQ =

8. Set R is the set of whole numbers larger than 38 and less
than 44,
Copy and finish: R = .
Set S is the set of numbers between 36 and 46 that are not
even numbers.
Copy and finish: § =
Copy and finish: RS =
RJS =

22




7. SUPPLEMENTARY PRACTICE EXERCISES

THINKING ABOUT SETS -- Exerciss Set 7

Write the members of each of these sets.

1. The set of even numbers less thaj 12.

2. The set of count.ng numbers less than 20 and larger than 10.
3. The set.of odd numbers between 10 and 20. )
4. The set of whole numbers less than 17 and iarger than 15.

5. The set of numbers between 30 and Y0 that are larger than 60.

6. How many members are there in the set of letters of our

alphabet?

7. Hewe is a set: ({Tuesday, Thursday). Describe this set by

writing on your paper: This is a set of

8. Name two sets that have no members.

9. Make a picture of a set. Then describe the set by saying:
This is 2 set of:

iQ. Describe this set in your own words:
A= [5: 10, 15, 20, 25)

23




SETS WITHIN SETS -- Exercise Set 8

1.

10.

Draw a picture to show that the set of dimes is a set within

the set of United States coins.

A= {1;'21 3 4, 5, 6: 7, 8; 9, 10] -

Set B = the set of all counting numbers.

Draw a picture to show that Set A i1s a set within Set B.

Make up one subset (set within a set) for each of the

" following:

(a, b, ¢, d, e, £}
{(Ford, Chevrolet, Plymouth, Rambler, Cadillac])
{The set of holidays in a year)

Write the set of vowels. Call this set Set A. Now write a

subset of Set A.

Set C = the set of all states in the United States.

Write a subset of Set C.

Set X = the set of dimes. We can say Set X is a set within

the set of sl1l

Set Y = the set of counting numbers,

Z= [5: 8: 15, 93, 175)

Set 2 is a of Set Y.

Set C is the set of all odd numbers. Make up a subset of
Set C.

24
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EQUAL SETS -- Exercise Set 9

1. A= (9, 4, 3) B= (4,3, 9) Does Set A = Set B?

2. M= {10, 11, 12} N = {10, 11, 13}
- Does Set- M = Set N7 : -

3. X = {dog, cat, mouse) Y = {mouse, cat, horse, dog)

Does Set X equal Set Y?

4, Set D 1s the set of whole numbers greater than 7 and less
than 12. Set E is equal to Set D. Name the members of
Set E.

Here are some sets: - {2, 4, 6, 8)

(8, 6, 1, ¥
(8, 6, 1, 2)

F
G
H
K
L
M

5. Set F is equal to what sets?
6. Are Set H and Set I equal sets?
7. Which sets are equal to Set K?

8. A= (2, 4, 6, 8) SetuB is the set of all even numbers less ,
than 20. Which is correct? Set A = Set B or Set A § Set B?

9. Make up a set. Call this set Set X. Now make up a set that
is equal to Set X.

25
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Set J is the set of the first five letters of the alphabet.

Set K 1s the set of the last five letters of the alphabet.
Does Set J = Set K?

26
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THE UNION OF SETS -~ Exercise Set i0

1. A= {1: 2, 3 “] Be= {59 6: 7, 8}
The union of Set A and Set B is the set:

2. C= (¢, a, n, d, y) D= {c, o, k, e}
Copy and finish: cUD =

3. E= [5: 10, 15, 20, 25} F= [305 35, uD, QS]
Which one of these sets is the union of Set E and Set F?

M= [10, 20, 25, “5: 50, 55, 60} 65: TO]
N = (“5. uoi 35, 305 25, 20, 15, 10, 5]

k., H= (2, 4, 6, 8, 10) J = (3, 6, :, 12])
Write the members of the union of Set H and Set J.

5. 8Set K 18 the set of odd numbers between 10 and 20.
Set L is the set of even numbers between 10 and 20.

Copy and finish: K{JL =

6. Set R is the set of whole numbers between 47 and 48.
Set S is the set of whole numbers larger than 15 and less
“*Xhan 17.
Copy and finish: RUS =

7. X = (B, EJ} Y = (A, O, C, E}
Copy and finish: x[JY'-

27
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8.

10.

ll‘ "

r- b v-d i3t b

Set W is the union of Set T and Set V. Write the members of
Set W.

c-[ll 6: 7, 8: 3} D"[E: 6: 7, 8: 1}

Set E is the union of Set C and Set D. V¥Write the members of
Set E.

Set M is the set of whole numbers between 20 and 21. Set N
18 the set of even numbers between 6 and 8. Copy and

finish: MUN =

A = {9, 18, 27, 36} Set F has 5 members.
AUB - [}p 6: 9, 12, 15, 18:' 27, )6]

ANB = {9}

B=

28
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THE INTERSECTION OF SETS ~-- Exercise Set 11

1.

A={(1,2,3,4,5) Bs= (2, 4, 6, 8, 1)
Which one of these sets is the intersection of Set A
and Set B?

M= {5, 69 1, 2}
Nm= [1: 2, 4]
S = {1, 4, 6)

C={a, e, 1, 0, u} D= {a, b, ¢, 4, e)
Set E =« the intersection of Set C and Set D. Write the

members of Set E.

R = {5, 10, 15, 20, 25} S = {10, 20, 30, 40}
Set T is the intersection of Set R and Set S. Write the

members of Set T,

Set X is the set of the first five counting numbers. Set Y
is the set of odd numbers between 4 and 12. Set Z is the
intersection of Set X and Set Y. VWrite the members of Set Z.

K = {doga, cats, mice}; L = {pigs, dogs, cats, mice)
M = {horses, cows, dogs]

Copy and finish:

KNL =
KNM =
LOM =

H = (’1 t, v, 4, y] J = {h: a, r, d)
Copy and finish: Ny =

-~
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7. A = (desk, chair, pencil) B = (eraser, chalk, chair)
C = {book, tablet, desk)
Copy and finish:
V:t““”“.u Aﬂc -
. | ANB «
o BNC =
cUA =
cUs

BlUA =

8. J = (12, 18, 24, 30). Set K has two members. One member
is 6. Kf‘J = 18. Copy and finish: K =

9. Set R is the set of counting numbers less than 6. Copy
and finish: R =
Set S is the set of counting numbers bzcween 5 and 11.
Copy and finish: S =
Copy and finish:
RAS =
RUS =

10. Set P is the set of all even numbers between 1 and 7.
Set Q is the set of all odd numbers between 1 and 7.
Copy and finish:

PAIQ =
PUQ =

30
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Chapter 5
SETS OF POINTS ,

LEARNING ABOUT SPACE

We are living in the space age. Man has already traveled in

space and more space exploration will be done.

Suppcse we were to plan a trip to Mars. Our space ship will
have to follow a path which leads to Mars. Mars is moving all the

time. To reach 1t, we must know its location in space, 1its speed

N

The study of space and location is part of mathematics. This

in space, and its direction of travel.

part of mathematics is called geometry. The things that we have
been learning about the number system and about addition and

subtraction belong to the part of mathematics called arithmetic,

To study geometry we need good imaginations. We make models.
and draw pictures to help us learn about things we cannot see.

But our imaginations must help us too. 1Is your "imaginer" ready?

Geometry is not new. Thousands of years ago the Egyptians
and Babylonians used ideas from geometry, It helped them to plan
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pyrdmida. lay out their fields, and study about the moon, stars,

and planets.

!

The first geometry book was written about 2200 years ago.
. It had most of the ideas we still use in studying about space.
- However, many new ideas about geometry are still being discovered.

Mlyﬁe you will dbe one to discover a new idea.

.. At first "geometry" meant "earth measure." But now geometry
.-a]50 Uses ideas which do not involve measurements. In this unit

called Sets of Points we are going to study some of these ideas.

We know that a "set" 1s a collection of things. Can you
guess what a set of "points" would be? FPirst you would need to
know what a "point" is. 1In this unit we will learn about points,

space, curves, line segments, rays, circles, polygons, and angles.

32
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POINTS

What is a point? Is it the end of sharp pencil? 1Is it the
end of a needle? Is it the dot a pencil \makes? Let!s see what

"point" means in geometry, \

\ -

Working Together
1. Use your sharpest pencil to make dot near the center of
a sheet of paper. Now make aldot with a erdyon. Next make a dct
with a dull pencil. Do these dots look alike? In what way are

they different? 1In what way are they the sa*e?
| \
2. Which of these maps of Colorado best| shows the location
of the state capital? Why? i

\

Denverg ‘,‘Denvcr.
COLORADO COLORADOD
(a) (b)

The dots you made in the first example and the dots 4in the

maps of Colorade are attempts to show an exact location. The
small dot marks the lccation more exactly. In geometry we often
let a small dot represent a point. However, the dot is not the

point any more than a picture of a cow is a cow.

Ay 33



e

A point in geometry means an exact location in space. (Can
you imagine something so sma&i.that you cannot see it? A point 1s

20 small it has ro size At all..

Unless you have limihroscope. you cannot see a germ. However,
a germ covers many poinf§>aa we think of them. .If you were going
to mark on a sheet of paper the locations covered dy one germ, you
would needsa very sharp pencil. The dot made with the pencil

would cover all these locations., -

A very small dot:is used to represent or stand for a point
although a point is smaller than any dot which can dbe made.

3. Hdld your pencil with its tip above your desk as in the
drawing.

Could the sharpened tip of the pencil show a point? Move
your pencil to another part of your desk. Does the tip now show
& different point? Points do not move. They always stay in the

same location.
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In geometry we usually name Plctures of points with capital
letters like this:

Ao ' Bo c‘

The points represented by A, B, and C. can be called a faag of
poiﬁts." We will learn many interesting things about sets of
points.

4. Describe a set of three points in your classroon.
5. Desecride a set of two points in your clasarcom.

6. Describe a set of eight points in yow claasroom.

35
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Exercise Set 1

Which of thése is the best representation of a point?

Ae B» ce De

On your paper mark a set of five points using small dots.
Label these pictures ‘of points using the first five letters
of the alphabet.

Write the letter of the best answer.

A dot made Qith a pencil covers
a) one point

b) one andred points

e¢) several points

d) more points than can be counted

Which of these best describes a‘point?
a) a mark made with & pencil

b) 8 very very small dot

ci an exact location in space

d) a dot

-



SPACE \
~ What is space? 1Is it air? Is it an empty place? Is it the
distance from Earth to Mars? It is not any of these as we think

of "space" in geometry.

Here are some examples of things which occupy sets of points
in space:
The eraser on your pencil
The door to your classroom

Your 1little finger

Working Together

1. Now can you guess what "space” 1s? Which answer would
<

you choose?
(a) Space is something hollow.
(b) Spaee is an object like a door or a finger,

(c) Space is the set of all the exact locations every:here.

If you chose answer {c¢) you were correct. Space is the se

of all points.

This méans all exaci locations everywhere. All the locations
on the head of a pin, in your home, in your city and the sky above,
in your country, in the world, and in the entire universe are

points in space.
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Space as we now picture it is“probably very different from
the idea you had. Any object you can think of covers or occupies
lots of points of space. For example, a ball, a block of wood, a

room, a building, the earth are all occupying parts of space.

2 11 1 1

Adl 1A

i
B

2. Must a part of space be filled with air only”?

3. Does a block of wood contain one point of space, a
thousand points of space, or more points of space than can be

counted?

4, Place & cup on & desk. It represents many points,
Move the cup to some other place. Does it now represent the

same set of points as before?

5. Place a block of wood on a desk, It represents many
points, Move it to some other place. Does it now represent

the same set of points as before?

‘4
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Exercise Set 2

3

Write the letter of the right answer.

1.

Which of these best tells what space i:?

a) Space is all empty planes.

]
b) Space 1s a set of points.
¢) Space 13 the set of all points.

d) Space is the air around the earth.

In a truck load of grain, there are
a) Just as many points as there are grailns.

b) more points than there are grains.

Which ones of these represent a part of space?

a) A mark you make on your paper.
b) The idea of truth.

¢) Your teacher.

d) A tree.

e) The idea of beauty.

£) The crease in a plece of paper.
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Uorking_Together
1. Use two small bits of paper to mark two points on your
desk. Trace with your finger to show ways you could go from one
point to the other. How many different paths could you follow in
going from one point to the other? Can you trace the most direct

“ way to go from one point to the other?

2. There are many ways of going from A to B. We see a

plcture of two ways.

Mark two points on a sheet of paper. Label them A and B.
Show 5 ways of going from A to B on your paper. We do not
have to stay on the paper. Think how you can go from A to B
and touch the paper only at the dots.

In going from one point to another, you have traced a curve
with the tip of your finger or with yaur pencil. We think of a
curve as a set of points. It is all the different locations your
finger tip or pencil passes through in going from one point to

another.
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3. Let us think a little more about curves between two
points. Suppose we use a plece of string tied to two pencils at
the eraser ends to help us. We can let the erasers of the pencils
mark two locations . Let us locate these points as far apart as
the string will let us put our pencils. Does the string show the
mést direct path?

, ¥
 - /;@

This direct path is a way of showing a special type of

curve. We call it a line segment. Put dots on this string

using chalk, pencil, or a pen. 'These dots mark points for

us. We think of a line segment as a set of »oints. It is

the set of all the poilnts we have marked and all other points
on.our tightly stretched string. It also contains the two
points represented by the erasers, We can show line segments

in other ways.

L1
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4, Mark on a bloek of wood the points A and ‘B as shown
in the picture.

',->s'

Draw two curves on the bliock from point A to point B

using two colors of crayon.
Did either curve you drew zontain any line segments?

One excellent way tc show a line segment 15 to draw a
plcture of one with a rulecr and pencll. On your paper draw a
segment connecting the two dot: &. shown in the figure below. We

shall represent a line segment in this way.

A

We name this "line segment AB." A chort way to write "the
line segment AB" is AB, XB means Iine segment AB. The line

segment ends at points A and B. Therefore points A and B

are calleq endpoints,

L2
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5. Think of the corner of your classroom as representing a
point. What three things suggest line segments with this point

as one endpoint?

6. Name all the line segments you see represented in this

figure with endpoints in the set of points (A, B, C).

7. Mark a point on your paper. (Call it point A. How many
different line segments can you draw with A as an endpoint?

8. 0ive some examples of representation of line segments

suggested by obJjects in your classroom.

9. Does your state have line segments as & part of its
boundary? '

10. Mark a point on your paper. Would you eall your mark a

line segment?

8
14, Mark someshing like this (-/,\Jf~\g/~‘, on your

paper. Is it a line segment? A

12. Mark something on your paper which does not represent a

line segment.
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Exerecise Set_z

1. Mark two points on your paper aslis shown here.

2.

Draw three different curves from A ¢to B.

°
A

,Write the letter of the best answer,

Each curve between these two points A and

a)

b)

5y

d)

one point

three points

1any points

more points than can dbe counted.

The set of points

(A, B}

1s marked below.

B goes through:

Copy this set on

your paper. Draw as many line segments as possible having

both endpoints in thls set. How many are there?

Ae

b

Lo
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3.

Copy the set of points (A, B, C} on your paper. Draw all
the line segments having both endpoints in (A, B, €}. How
many line segments are there?

. oC

Copy the set of points (A, 3, C, D} on your paper. How
many line segments can you draw, each having two of the
points named as endpoints? Be sure to draw all the line

segments. Name the line segments you drew,
B

*D

Ae

eC

ks
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Name all the line segments you see in this figure. Both
endpoints must be in the set, (A, B, C).

A

A B

O ——

 ¥o)

Mark a polnt on your paper and label it A as shown below.

Dray: pictures of two line cegments having A as an endpoint.

oA

Mark a polint on your paper and label it P. Draw pictures of

three line segment: having P as an endpoint.

pe

{

- Complete tnese statements on your sheet of paper.

.fffgff;t!.x
Y

a) This is a plcture of a ? ?

b) We write its name ? .
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LINES
Working Together

1. On your paper use a ruler to draw a line segment like AB."

Draw a longer line segment which contains point A and point B
by extending AB in both directions. Label the endpoints of this
segment with the letters C and D. Does your drawing look

something like this?

L1/

C B
~ . —

(]
1 o

]

Is A8 contained in @57

2. Draw an even longer line segment which contains points
A and B by extending CD 1in both directions. Label the
endpoints of this segment with the letters E and F. Your
drawing might how look 1like this:

em
X o'

A
--

B
H

Is AB contained in M

ifaiiﬁ,



If you hid a larger piece of paper ;nd a longer
ruler, you could diraw a still longer line segment which
would contain point A and point B. Think how this
line segment would look if y8u were to draw longer and
longer segments which contain points A and B.

Can you imagine how your drawihg would look ir 1t
were extended without en&? This 1s what we think of
when we think of line. A 1line has no endpoints. It
contains line aésmcnts of longer and longer length.

3. Below is a picture of a line.

The arrows are used to show that it goes on and on in
both directions without end. Only part of the line can
be pictured on 'this page. We can call the line pictured,

-~
line AB. A snort way of writing line AB is AB.

Both A and B name points on the iine. We know C
and D name other points on the line. We could also call

this line, 1ine CD, or line AC, or line AD.

Iine AB 4s the same as line BA., What other

names can this line have? Use Just the points named,

48
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4., Here is'a picture of XS. M, P, L, and R,
name other points of this line segment.

L ¥ /]
o

K
PN

M P L
PN ‘

Copy RS and its labeled points.

a) Draw a line segment which pictures still more of
the line PS and also includes line segment " K3. Can
you draw a complete picture of the line PL?

b) Draw a picture of a line AB. On your paper show

~

~

a short way of writing line AB.
Remember that a 1liné segment is a set of many

points and a line also is a set of many points.

5. Follow these instructions carefully.
a) Mark a point on your paper and label it A. Draw
one line through point A.

b) Now d;aw a different line through point A.

¢) Next draw three more different lines through point A,
d) Mark one point different from point A on each of
the lines you have drawn, Label the points with the
letters B, C, D, E, PF.

e) Can we draw more lines through point A? ‘
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£) Which is the correct ending to the sentence below.
Through point A we can draw:

one line. E

more lines than you can count,
g) Describe the position of a line segment through A
which is not on your sheet of paper.

6. On your paper mark two points, A and B.
B

A.
8) How many line segments can you draw with endpoints ‘
A and B?
b) How many line segments can you draw which pass through
both A and B?

¢) How many lines are there that contain both A and B?

7. Below we have represented a line and three points

of the line.
A

- -
Shall we label this line AB or AC?

In problem 6 we saw that with a ruler and a pencil
only one line could be drawn through points A "and B.
From now on think of this statement as a fact; there‘is '
exactly one line that can be drawn through the two points
A and B. -

.




Working Together

1. Use & ruler to draw a line segment AB on your
paper. '

Now suppose we make longer and longer line segments

but always keep A as cre of the endpoints, as,

- _2

A B C

— ——— -

A

- L S 0

Then suppose we do nouv have a second endpoint, as in the

picture below.

>

B
— —_

This gives us an idea for what is called s ray.

i

We can show a pioture of only part of a ray on this
page. We can name this ray, ray AB, Both A and B
name points of the ray.
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A ray has one endpoint. A is the name of cthe

endpoint of the ray. A short way of writing ray AB

—
- is AB. The endpoint 1is named first.

This is a picture of ray BA. What is its endpoint?

A B
- o

Ray BA 1s not the same as ray AB. Can you tell why?
— s
The endpoint of BA -1s B, What 1s the endpoint of AB?

We can say that a ray 1s the union of the endpoint
and all points on a line in one direction from this

point.

For example, look at the 1line represented below and
‘the point on it labeled A. One ray is represented by
the solld part of the line. The other ray is represented
by the dotted part of the line. The point A belongs to
both Egys represented and 1s called the endpoint of either

ray.

.
. *
.e
e
------
.
e "
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A ray is always part of a 1line. A set of rays is
nicely represented by a beam of light from & flashlight.
Esch starts at the flashlight and extends in one
direction without end.

is represented below

&l

2.

a) Is AC another name for this ray?
b) Is BC another name for this ray?
c) Is the ray BA represented?

d) Is the ray BC represented?

Exércise Set 4

1. a) On your paper copy points F and E.
~ oE

sf 4
Draw a picture of line segment FE.

b) Mark two points on your paper and name them G
and H. Draw a picture of the line through G
and H.

c) Draw a picture of a ray. Name it KIL.

d) Write the symbol for line segment FE; for line
G for ray KL.

e) What is the endpoint of RL?

f) Is KL the same ray as Lk? Why?
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2. Let A Dbe the name of a point of the lire below.
How many rays which are part of this line can have

A as an endpoint?
//

3. Draw a picture of a line on your paper. Let A be
~ & point of this line. |

'a) Choose & point of the line different from A
in one direction and label it B.

b) Choose another point of the line in the other
direction from A and label 1t C.

¢) Name two rays with endpoint A which are part
of this 1line.

d) Are there any more rays on this line which have
A as an endpoint?
k., Label a point on your paper as A.
8) Draw one ray with endpoint A,
b) Draw anothe: ray with endpoint A.
¢) Draw four riore rays with endpoint A,

d) How many rays could there be with A as endpoint?
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5.

On your paper draw & ray. label it Eﬁl What is $ta

endpoint? How many rays are there with endpoint A fthat

contain point B?

On your paper draw a ray with endpoint A. -
a) Choose a point on the ray different from A and
~ label it B.
— —
b) Is AB contained in AB?
¢) How many segments could there be on AR which have

A as endpoint? -

Mark two points on your paper and label them R
and S,
*S

Re
a) How many lines can you draw khich contain point R?
b) How many lines can you draw which contain point S?
¢) How many lines can you draw which contain both
R and §?

Which is the correct ending?

A line has 9. A ray has

a) exactly 1 endpoint, ~ a) exactly 1 endpoint.
b) 2 endpoints, b) 2 endpoints.

¢) no endpoints. ¢) no endpoints,

10. Aﬂline segment has
a) exactly 1 endpoint.
b) 2 endpoints.

e¢) no endpoints,
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PLANES

Working Together

3

1., Can you find some flat surfaces in your

classroom? Name as many as you can.

Do you know the geometric name for a set of
points suggested by a flat surface? It is plane.
Each flat surface you have named represents part

"of a plape.

2. Put your finger on a point on the top of
your desk. Now put it on 8 different point. How
many different points can you find on the flat top
of your desk? How many points do you think there

are in a plane?
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3. Put your finger at a point above:the top
of your desk, then at a point below the top of
your desk. Are there many points which are not

in the plane represented by the top of your desk?

From now on we shall think of gléggg of a
plane as a set of points in space., It 1s the
kind of set suggested by all points on a flat
table top, or on a wall, or on the floor. A
piece of paper lying flat on your desk also
suggests a part of a plane.

L. To get a better idea of what we mean by

a plane, follow these directions.

a) See the picture of the figure below. Draw
one like it near the center of a pilece of

paper.
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b) Trace the figure with a (red) orayon. Color the
part of the plane inside of the figure the same color.
Give this colored part the name A. Is this colored

region a picture of part of a plane?

¢) Draw a bigger figure which encloses the colored
region.

A. Color the larger figure and its inside (red) also.

Name this new colored region, B.

Does the new colored region piecture a part of the same

plane as A?

Does colored region A or colored region B picture

more of this plane?

d) Draw a third figure which encloses the colored
region B. Color this figure and its inside (red). Name

this new colored region, C.
Does this new colored region picture a part of the same

plane that A did?

Does colored region A or colored region B or colored

region C picture more of this plane?

e) Can you draw & picture of the complete plane

suggested by regions A, B, and (C?.



As we think of a line containing longer and longer
segments s. shall we think of 8 whole plane as containing

larger and larger flat surfaces, Imagine your table top
growing larger and larger on all sides. You would then
have a table top upon which you could walk as far as you

wished in any direction.

5. Does the set of points represented by the table

top move when the table 1is maved?

6. Name some other objects which represent parts

-
o

of planes,
7. Is there more than one plane in space?

We shall often use a sheet of paper placed on a
‘flet table or desk top to repriesent a part of a plane.
The table top itself may be thought of as conﬁaining

even more points of this same plane.
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Exercise Set 5

Does a plane as we shall :hink of it contain one

point or more points than can be counted?

Take a sheet of paper. Think of it as part of a
plane. 1Is 1t possible to draw more than one line
in this plane?

If so, draw two lines.

Now draw three more lines.

Draw ten more lines.

Does a plane contain one 1line, two lines, or more

lines than can be counted?

Think of the top of your desk as a part of a plane.
Desciribe the locatior of a point not on this plane.

Describe the location of & line not on this plane.

Does a plane contain all points of space?

Does a plane contaln some lines but not all lines

in space?

Take & sheet of paper. Think of it as part of a plane.
Describe a line which is not on this plane., Draw a
ray which is on the plane, Describe a ray which is

net on this plane, ’

If the endpoint of a ray is not on a certain plane, is

the ray on that plane?
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‘. If the endpoint of a ray 1s on a certain plane, then
must the ray be on that plane?

10. If two points of a ray are on the plane, then must the
" ray be on the plane?
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LINES AND PLANES g
Working Together
Let us think about a line and a plane. Suppose the
line has two of its points in the plane. For example,
look at the points A and B represented on this page.
The page suggests part of a plane which contains A and B.

A® B

1. Answer these questions carefully.

~a) How many lines contain both points A and B?

b) Are all of the points of Kgb contained in a plane
whieh contains A and B? A
¢) Think of a third point in
the plane and label 1t C.

Draw line CA., 1Is EE in the

plane?

d) Draw line CB. Is OB in the plane?

Suppose we have two points, A and B. Suppose
we ‘have a plane called E. If point A is in plane E
and point B 15 in plane E, then the entire line AB

i1s in plane E,

2. Which 1s-the correct ending:

A line with two of its points contained in a plane

a) has some, but not all, of its points contained in that
plane,

b) has all of its points contained in that plane.
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3; Can there be more than on(tplinc containing
two points? If there is more than one plane, give an
example. Remember there is just one line containing
these two points.

L

4. Fold a piece of paper in half. We think of
the crease as a line segment. Stand the folded paper
on your desk so that the crease does nQt touch 1t.

The paper makes & tent.
Craase

Does this suggest parts of two planes which contain
R the line segment represented by the crease? If so, show
them.

5. Give an example of two points and three planes
e passing through them,

6. Open a thin bdook so that you see the pages as in the

figure below. The spine of the book suggests a segment,
Name it XE.

SO
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8) What does each page,suggest?s B ,
b} Dqes each page pass through the spine of the book?

7. Choose two points in space. Now how many
planes do you think contain the same two points?

8. Choose a line segment in space. How many
planes do you think contain this line segment?

. { .
9. Choose a line in space. How many planes do

. you think contain this line?

10. Which is the correct ending?
a) Two points in space are contained in
1) only one plane.
2) many, many planes, but we could count them. .

3) more planes than can be counted.

b) A line segment i1s contained in
1) only one plane.
2) many, many planes, but we could count them.

3) more planes than can be counted.

¢) A line is contained in
1) only one plane.
2) many, many planes, but we could count them.

3) more planes than can be counted.
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11, We are now going to make a very important
observation. Hold a piece of cardboard at the middle '
of the side edges by the thumdb and middle finger as

shown below.

Without moving the thumb and middle finger‘we are
able to use our other -hand to rotate the cardboard to
many positions showing many planes through }Ei
a)‘,No; rotate the cardboard until i1t touches the tip of
your index finger. Think of the tip of this finger as
peint C.

The card now represents a plane passing through the
points A, B, and C.

Does there seem to be another plane passing through
points A, B, and C?

This suggests that through three points not on a
line there passes just one plane. We shall think of

this as a geometric fact.

Q‘A“l
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b} Think of a door é-preaentins part of a plane and the
hinges representing two points. As the door swings open,
does it suggest many planes through these points?

Now hold a ringer tip against the door. Your finger
tip rgprnnents a& third point which holds the dour open in
one position. '

This again suggests that through three points not on a
line there passes just one plane.

12. Review
a) A plane contains more points and more lines than can

be counted.

b) If two points of a line are contained in a plane, the
whole line is contained in the plane.

¢) Through two points there passes more planes than can
be counted.

d) Through three points not on a line there passes one
and only one plane,
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INTERSECTIONS OF LINES AND PLANES

two

The

ine

The

The
The

Working Together

Do you recall what we mean by the intersection of

sets?
l. Set A = [2, 3, 5,
intersection of A _.and

2. Set R = (M, A, R,

intersection of R and

union of R and S 1is

3. Set E= (5, 6,7,
intersection of E and

union of E and F 1is

9] Set B = [la 2: 3, “x 9]
B 1s { ).

Y]} Set S = {C, A, N, D, Y}
S is | ].
( }-

8} set F = {9, 10, 11, 12}
F 1s { }.
{ ).

You know that a line is a set of points and a plane

is a set of points. Let us

lines.

below.

find the intersection of two

look at the points named on the lines in the picture‘

4, Vvhat points of AC

5. Is there any point

«d
are labeled? oOf EG?

that is an both lines®

— -
6. What 1is the intersection of AC and EGO?

—ip —
what is the intersection of BA and BG?

what is the intersection of Ff and 53?
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7. How many pcints are in the intersection of 'Xi

and EM

8. Can you hold two pencils to represent lines so
that no point is on both lines? Can you do this in more
than one way?

9. Use a card to represent a plane and a pencil to
represent a line. Can you hold them to make their
intersection
a) one point?

b) no points?
c) Just two points?
d) many points?

10. Use two cards to represent two planes. Can you
hold them so the intersection of the planes they represent
is
a) Just one point?

b) Jjust two points?
c) more than two points?
'd) no points?
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11. which

a)
b)
c)
d)
e)

of these pictures show that:

the intersection of a line and a plane is one point?
the intersection of a line and a plane is a line®
the intersection of two planes 1s a line?

the intersection of two lines is a point®

the intersection of two lines is the empty set®

.
-

(2)

T

(8)
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Exercise Set &

Mark & point on your paper and label it A. Draw
two different lines through A.
What is the intersection of the two lines?

Mark two different points on yoﬁr haper and call
them B and C. Can you draw two different lines,
both through B’ and C? Can you draw one line
through both B and C?

wWhat word will make this & true. sentence?

If two different lines in a plane cross, their

intersection is ? point.

Can you draw a pilcture to represent two lines whose
intersection seems to be the empty set? If so, draw

it.

Iook at the walls, floor, and ceilling of your
classroom. Which represent pairs of planes which
eross?

a) the side wall and front wall

b) the floor and ceiling

c) the back wall and front wall

d) the front wall and ceiling
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FJ 9.

10.

- Which of the walls, floor, and ceiling represent

Planes which do not cross?

a) the floor and side wall

b) the floor and ceiling

¢) the back wall and front wall
d) the front wall and ceiling

Imagine you have folded a sheet of paper and opened
it to form a tent as we did before. Does t.ae folded
sheet suggest two intersecting planes? Wwhat is the

intersection in this case?

Complete this sentence. Two intersecting planes in

space intersect in a ?

-If three different points of a line are in a plane,

what can you say about the line and the plane?

Review
We have learned the following facts,
a) If two different lines in a plane cross, their

intersection is one point.

b) If two different planes in space eross, their

intersection is one line,

¢) If a line and & plane cross, the intersection

is either one point or the entire line,
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SIMPLE CLOSED CURVES .
Working Together
In the section on curves, we drew a path from a
point A to a point B. We called the set of points
the tip of the pencil passed through a curve.

<

1. Mark two points on your paper and naime them T and

R. Draw on your paper a picture of a curve from T to R.

2. Mark two points F and H. Draw FH. wWe also call

1 a curve.

3. a) Mark a peint K., Draw a curve that
starts at K and comes back to K along a different

path. Could you draw the curve using line segments?

Since your curve begins and ends at the same point,

it is a closed curve.

b} Mark a different point on the curve that
contains K and call 1t M. Can you start at M and
trace the curve and come back to M? Did you trace

every point of the curve?
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4. Mark a point A and a point B. Draw a curve that
begins at A and passes through B and then comes back to
A without crossing itself.

Your curve through A and B 1s called a simple closed
curve, It starts at one point and comes back to thia point '
without intersecting itself. All the points of a simple

closed curve are in the same plane.
5. Mark a point C and a point D. Draw a curve that
starts at C and passes through D twice and then comes

back to C.

Your curve through € and D is not a simple closed

eurve because it intersects itself at D.

6. The curve below does not intersect itself. Why

is 1t not a simple closed curve?

7. 1Is the figure below a simple closed curve? why?

0_0
<
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8. A frame around a picture suggests a simple
closed curve. Name some other things which suggest

simple closed curves.

Exercise Set-7

1. Draw a simple closed curve on your paper. Draw
it with a blue crayon. Color red tie part of the
plane inside the curve. Color green the part of
the plane outside the curve. (Can you color gll

of this plane?)

2. Tell which of the following are pictures of simple

closed curves,
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3. Which of the pictures are not simple closed curves?

c)

QQ b)
d \ o "B/‘
| .,\?;7 ) % o

o hulls

4. Do the boundaries of most states on a map of the

United States represent simple closed curves?

5. Name one state whose boundary on the map of the United
States does not represent a simple closed curve. Name
another auch state,

6. Is the figure below a simple closed curve?

A

Is it the union of simple closed curves? How nany simple

closed curves?
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7. Look at the ourves in Ex. 3. ,Givc other names for

some of the simple closed curves.

Did your curve for Ex. 4 and 5 of page look something
like thfl?
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POLYQONS
Working Together .
l. Draw a simple closed curve which is the union of
a) three line segments. What is & name for your figure?
b) four line segments. What is a name for your figure?
¢) five line segments. What is & name for your figure?

2. Can you draw a simple closed curve with two line

segments? Why?

A simple closed curve which is the union of line

segments 1s called a polygon.

3. Which of these are pictures of simple closed curves?
- Which are pictures of polygons?

T~
S Ny IN
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4, Describe some line segm%pts in your classroom

which form polygons.

A polygon which is the union of three line segments is
a triangle. |

*

A polygon which is the union of four line segments 1is
& guadrilateral. | )

5. Which of the pictures in Ex. 3 are pictures of
triangles?

6. Which of the pictur n Ex. 3 are pictures of

quadrilaterals?

7. Mark three points on your pdber like these.
Draw AB, UTB, AC.

oA
Ce ’ 8
&) Does the figure represent a polygon?
b) Does the figure represent a triangle?, - ~
¢) What words should complete this sentence?
A triangle is made up of ? 1line
segments and these line segments have L ?

different endpgints. : o



@

We usually label the endpoints of the segments in a
triangle by e§pital letters, such as, A, B, .C, and
use the name ;f symbél AABC. Another equally good
name 1s ABAC. "

€. Can you give another name for the triangle?

Exercise Set 8

1. a) Draw a picture of a simple closed curve that is

the union of three line segments.

b) Label the endpoints of the three line segments.
)2

c) How many different endpoints are there?

d) What are two names for this kind of simple

(closed curve?

¢

2. a) Traw a picture of a simple closed curve that is

the unfon of four line segment:.

b) L-oel the endpoints of the four line segments.

How . 2y endpoints are there?

¢) What are two names for this kind of simple

closed curve?

4

3. a) Draw a pictwe of a simple clgsed curve that 1s
the union of five line segments.
b) What is a name for this kind of simple closed

curve?
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‘ §. Locate on yowr paper points like these below.

Draw AV, DB, US, ana AT,
D.

Be °C

5. Which of these are names for this figure?

a) simple closed curve

T

b) polygon
¢) triangle

4) quadrilateral

6. Draw KB in your drawing for k.. 4. How many

triangles do you see? Name thzm,

7. Now draw TD in the same figure. Mark the intersection
of T5 and IC. 1label it E. How many triangles do

you see now? Name them.

8. Draw a set of points which is the union of three line
segments. Draw a closed curve which is the union
of three line segments, Can these drawings be different?
Can these drawings be the same?
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10.

11.

Could a polygon have exactly 8,999 sides?

Could a polygon be the union of two line segments and
part of the letter 02

Is the letter 0O a polygon?
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CIRCLES
working Together
1. Mark a point on your paper and label it A,
Mark another point two inches from point A,

2. Mark many other points which are two inches
from the point marked A.

3. Mark some more points which are two inches
from the point marked A. Be sure they are in all

directions from point A.

4L, Do the points you marked suggest a simple
closed curve? (Do not use the point marked A.) If
not, mark some more points which are two inches f{rom
A. Now draw a simple closed curve through these

points.

5. Mark some more, points on your drawing which

are also two inches from the point marked A

6. Are these new points on the picture of the
simple closed curve you drew? If not, change your
simple closed curve so that these new points will be

on 1it,

7. Does your drawing suggest a simple closed curve

which has a speclal name?
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The name of the curve is circle.

A circle cannot be accurately represented by drawing

with a pencil and a ruler. A compass is needed.

The easiest way to draw a cirecle with & compass is
to hold the top of the coméaaa between your thumd and
index finger. 1Ir yn? press lightly, the compass will
work better for you. Press slightly harder on the sharyp
tip of the compass than you-do on the pencil part of the

compass.

When you start to draw a ¢irele, do not 1ift the
compass from the paper until the circle is completed., Do
not forget to tilt the compass in the direction you are

drawing the circle.

Practice using your compass correctly.
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8. Directions for drawing a circle.

a) Mark a point on your paper and‘label it B. B will
nct be part of the circle.

b) Set your compass so that the metal tip is two inches

from the pencil tip.

c) Put the metal tip on the point marked B. Now swing

the pencil point so that you draw a simple closed curve,

Do not let the distance between the pencil point and

metal point change while you are drawing.
You have drawn a picture of a circle.

The point marked B 1is called the center of the

circle. Point B 1s not part of the circle.
9. Mark two points of your circle. Label the
points € and D. Draw a picture of XC.

B marks the center of the circle and C marks a

peint on the circle.
BC 1is called a radius of the circle.
10. Draw a picture of BD in your drawing. BD

is also a radius of the circle. Why?

a) Can you draw another rafius? If so, do. Call 1t EBE,
b) Can you draw still another radius? If so, do.

¢) How many radiil does a circle have? (Radii is the

plural of radius.)
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11. Are the sentences below true? Use your plcture

to help you decide.

a)

A circle has all its points the same distance from a

point inside called the center.

b)
)
)

e)

B marks the center of this circle.
All the radii of a circle have the same length.
B0 is a radius of the circle.

BC and BE are also radil of the cirele.

Exercise Set 9

a) Mark a point on your paper and label it C.

Draw a circle ~ith C as center.

- b) Draw a radius of your circle.

c) Mark a point of your circle and label it D.
Draw OTD.

d) TP 1is a ? of the circle.

Lock at this picture.

S

a) Name the center of the circle. \

\

¢) What is true about the lengths of WF and \HE?

N
T \

t} Name a radius of the circle.

i
\
1
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Mark two points about two inches apart, _CIll the

points A and B. )

a) Draw a circle with the center at the point A.

b) Draw a different circle with point A as the
center.

¢) Draw & third circle with point B as the center.

d) Draw a radius of each circle.

Mark two points R and S about two inches apart.

a) Draw a circle with center at point R and
passing through point 8.

b) Draw a circle with the center at S and passing
through R.

¢) Is RS a radius of both zircles?

Mark two points A and B on your paper.
a) Draw a circle with the center at A and
having AB as a radius.

b) Draw three more radii of this circle.

Draw two different circles so that a8 radius of one

has the same length as & radius of the other.

Draw two different circles so that one has a radius

of different length from the other.

Draw two different circles with the same center.

86

g



4

9. Trace the po: ats of (A, B, C} on your paper.

10. 8)

b)

Draw 8.

Draw the circle with center at A and passing
through B.

Draw a cirele with center at C and a radius
equal in length to the length of AB.

Draw a radius of the circle you just made.

Is the length of this radius equal to the length
of TRB?

Could the intersection of two circles be the empty

set? Draw a figure to show your answer.

Could the intersection of two circies be a set with

exactly one point? Draw a filgure to show your answer,

Could the intersection of two circles be a set which
has exactly two points? Draw a figure to show your

ansver,
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11. a) Could the intersection of a circle and a line be

the empty set? Draw a figure to show your answer.

b) Could the intersection of a circie and a line be
a set which has exactly one point? Draw a figure

to show your answer,

¢) Could the intersection of a circle and a line be
a set whi h has exactly two points? Draw a figure

to show your answer,

BRAINTWISTER
12, &) Could the intersection or two circles be a set

which has exactly three points?

b) Could the intersection of a circle and a line be

a 3et which has exactly 3 points®




REGIONS IN A PLANE
Working Toge;her

l. Draw a picture of a triangle. Trace tne triangle
with a blue crayon, .

2. Color the part of the plane inside the triangle
red. The set of points you colored red is called the
interior of the triangle.

3. Color the part of the sheet outside the triangle
Yellow. This set of points which you colored yellow is
part of the exterior of the triangle,

The set of points of the triangle is not in the
interior and 1 not in the exterior of the triangle.

%, Use your compass to draw a cirecle. Trace the
circle with a blue crayon.

5. Color the interior of *he circle red.

6. Color the exterior of the circle yellow.

7. Mark a point of the circle. Label it A. TIs
point A 1in the interior of the cirele? Is A in the
exterior of the circle? Mark another point which is not
ir the interior of the circle and is not in the exterior
of the circle. |

8. Draw a “rlangle with blue crayon. Color the
interior of the triangle blue also,

9. The part of the plane colored blue is the union
“or two sets of points. What(two sets?
| The union of a simple closed curve and its interior

is called a plane region.” Tne onc you colored blue 1is

called a triangular reglon.
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1. a)
)
c)
2. a)
b)

Exercise Set 10

Draw & triangle.' Color the triangle and its
interior red. ‘

What is the name of the part of the plgne w..leh

is red?

what is the name of the part of the plane which is

not red?

Draw a circle. Color the circle and its

interior blue,

What do you think should be the name of the part
of the plane which is Dblue?

what is the name of the part of the plane which is

not bdblue?

3. Look at the figure and the labeled points.

A

8 <

"9

Which sentences are true?

E

is: a) a point of the triangle.
p) a point of the interior of the triangle.
¢c) a point of the exteripr of the triangle.
d) a point of the triangular region.

30
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4. F 1s: a) a point of the triangle.
b) a point of the interior of the triangle,
¢) a point of the exterior of the triangle.

d) a point of the triangular reglon.

5. 0 1s: a) a point of the triangle.
. b) a poirt of the ipterior of the triangle.
c) a point of the exterlor of tne iriangle.
d) a peint of the triangular region,
6. A 1is: a) a point of the trlangle.
b) a point of the interior of the triangle.
¢) a point of the exterlor of the triangle.
d) a point of the triangular regiou.

7. Mark a point A and a point B at least two inches
from A. Draw a circle with center A and with AB
a radius,.
A
Which endings are correct for the figure 1n Ex. (?
8. A is a point of

a8) the circle.

b) the interior of the circle.
c) the exterior of the circle.
d) the circular reglon.

9. B 1is a point of

a) the circle,

b) the interior of the circle.
c) the exterior of the circle.
d) the circular reglon.
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30. Mark a point of the exterior of your circle. Label *
it?C, . g
11. « Mark a point of the circular region. Label it D.
12. Mark a point whieh.is not in the interior and not in
the exterior of the circle. Llabel it E.
\
: 39

- 92




ANGLES

Working Together

)

1. Mark a point R on your paper. Draw a ray with
R as endpoint. Mark another point on the ray and label
it 8.

.

2., Draw a second ray with R as endpoint. Do not
-p
draw it on RS. Mark a ypoint on this ray and 1label it T.

Does your drawirg look something 1like this?

This drawing represents a new geometric figure called

an angle.

An angle is the union of.two rays which have the

same endpoint but are not on the same 1line.

In the figure, R 1s the vertex of the angle. The
endpoinﬁ'ér'bnth rays 1s called the vertex of the angle.
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ECach ray is a ray of the angle. RT and RS are

rays of tne angle in the drawing.

2. Part of an angle 1s reprecented by two edges of

your desk which meet at a corner.
a8) Vhat represents the vertex of the angle?
b) What represents the rays of the angle?

¢) Why do we say these are only part of the angle?

4. Do the hands of a clock suggest an angle? If so,

what represents the vertex? What represents the rays?

*. Describe otnher things in your classroom which

-

suggest an angle.

6. 1In each angle pictured below, name the vertex

and the rayc.

A B
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We name the first angle in the picture /BAC or
JCAB. Either is correct. The middle letter must be the
label for the vertex.

7. Draw an erngle. Label it /SRT. Did you put the

correct letter at the vertéx?

8. Below it represented /BAC. Copy the picture

on your paper. 8
>

A

a) Choose a point on AR different from A and B and
label 1t D.

b) Choose a point on AC different from A and C and
label it E.

—

¢) 1Is AR the same ray as AD?

) —

d) 1Is A& the same ray as AE?
e) Is /BAC the same angle as /DAE?

No matter how we label an angle, the midale letter

always represents the vertex.
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9. Three points are shown below.
ofF

De °E

Write on a sheet of paper the words that,domplete;these

sentences.

a) There is ? ray through D and F with
endpoint F. S

b) There is ? ray through F and E with
endpoint F.

c) There is ? angle containing D and E
with vertex F. This angle is labeled °
or ?

Exercise Set 11

l. Here are three rays. Each has the endpoint A. Name
three angles.

B c
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3.

b)
c)

'
Mark a point C on your paper. Draw a picture
of two angles which have the point marked C
as a vertex. |

Name the rays of each angle.

Mark a point A on your paper. Draw a picture of
at least 4 angles which have: the point marked A
a8 a vertex. Do this by drawing 5 different
rays, not on the same line, with A as endpoint.
Choose a point different from A on each ray.
Label these points with the capital letters

B, C, D, E, and F.

Name the rays of each angle.

Name each angle.
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BRAINTWISTERS .

4, Try to repeat Ex. 3 by using only 3 rays (no two of
them on the same line) with A as endpoint. Did you
get a picture of four angles? How many angles does

your picture represent?

5. Try to repeat Ex. 3 by using only 4 rays (no two of
them on the same line) with A as endpoint. Did you
get a picture of exactly four angles? How many angles

does your picture represent?
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ANGLES OF A TRIANGLE
Working Together
1. Look at the points below which are labeled A,
B, and C. They are not on the same line. Mark three
points like this on your paper and label them.

o>
[ ]
(2]

2. Draw: E

o 2 & &

ek

3. Does your drawing look something like this?

99
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Hrite on a sheet of paper the words

sentences.

a) X8, AT, and BF form a

that complete these

? .

b) The angle with vertex A which
is called ? .

¢) The angle with vertex B which
i3 called ? .

d) The angle with vertex C which
is called ? .

L, Mark a point of Egl which

Label it D.

5. Mark a point of EK whilch
Label 1t E.

6. Mark 1 point of l'\-(? which
Label it F.

contains B and C

contains A and C

¢

contains A and B

is not a point of

is not a point of

is not a point of

Does your drawing look like this now?
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T. Are D, E, and F points of the rays of the
. ' ° 14
angles you named in Ex. 32

8. .a) Are D, E, and F points of the triangle?
b) Are D, E, and F points of the interior of
-the triangle? .
¢c) Are D, E, and F points of the exterior of

3

the triangle?

Ex. 3 shows that a triangle suggests three angles.

These les are not part of the triangle. This is true

because\a triangle is made up of segments and sn angle is

made up Qf rays. .- \
\

Reme r when we atudieq\circles we agoke of the center

of a circle, The center is not part of the circle.

In the s e'way we say /ABC, /BCA, ‘and /CAB are
angles of th:;triangle although they are not part of the
triangle. we'call‘the vertices of these angles the vertices
of the triangle. ? rtices is the plural of vertex. The
vertices of a triangle are the endpoints of the segments of
the triangle.

9. Draw a triangle. Label its vertices D, E, F.
a) Name the three angles of the triangle.

b) The three angles of a triangle suggest how many rays?

Exercise Set 12

Make drawings to represent
1. A line 3. A segment

2. A ray 4, A simple closed curve
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10.

11.
12.

13-

A triangle

A circle

A polygon

Two lines which cross

A quadrilateral

Three lines which cross but not all in the sanme
point

An angle

The union of a triangle and one angle suggested
by the triangle

A triangular region

Using the drawing below name:

18,
15.
16.
17.
18.
19.
20.
21.

22. !

the intersection of ﬁ and l-i?

three different triangles.

8 segment which is not a side of a triangle.
& point of the interior of some triang;e.

a point of the exterior of triangle ABD.

vthe intersection of KF and E

e
the intersection of Eg and DF.

the intersection of A_E_ and BD,
the endpoint of E




Which sentences are téhe?.
23. The intersection of two different planes may be:
. a) a line. ‘ i
d) the empty set.
¢) a set which has exactly one point,

d) a plane.

24, The intersection of a line and a plane may be:
8) a set which has exactly two points.
b) the empty set.
¢) the line.
d) the plane.

e) a set which has exactly one point.

BRAINTWISTERS
25. The intersection of a triangle and a plane may be:

i) a set which has exactly one point.

b) the empty set,

e) tr- triangle,

d) a set which has exactly three points.

e) a set which has more peints of the triangle than .
can be counted but not all the points of the
triangle.

26. The intersectior of a circle and a plane may be:

a) a set which has exactly one.point.
P

b) the empty set. e
—

¢) a set which has exactly two points.
d) a set which has exactly three polnts.

e) the circle. !
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Chapter 10

CONCEPT OF RATIONAL NUMRERS

IDEA OF RATIONAL NUMBERS

Exploration
Look at each of the figures on this page.
For each figure, choose a pair of numbers
be used to talk about the number of parts
number of congruent parts into which each

segment, or set has been separated.

at the right which can
that are shaded and the -
unit region, unit

,igﬁﬁj Pairs of Numters
Fgégzgégy a. 1 and 4
ééi;%g b. 3 and 4
A

Y o c. 3 and 5

d. 1 and 2

e. 5 and 8

f. 1 and 3

g. 2 and 3

h. 2 and 2

D 1. 6 and 8

J. 2 and 5
2 ©
E . @ ?
-d-g-—-—-E o %@
e 1. O O

|

Were you able to f'ind a palr of numbers for cach?

these -- A-q; B-e; C-a; D-d; B-I3

I-07

ERIC

06

F-¢;

Did ou {Ind

G-c; and

f=h;



Congruent
Parts in
Unit

N\
/...uw,///
N

Exerclse Set 1

Parts
Shaded

106

Flgure

NN
NN «

Copy the table and completé it, using the figures A, &,

1.

¢, D, E, F, and G.




R ]
Write on your paper the letters from A to G.
After each, wurite Yes 1If the fipure has been

par itioned into congruent regions. ‘%rite No 1f

the figure has not been partitioned into congruent

regions.
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2. urite on your paper the letters from A to G..
| Aftér each, write Yes 1f the figure has been
partitioned into congruent regions. Urite No 1f

the figure has not been partitioned into congruent

regions.
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A NEW KIND OF NUMBER

Exploration
When a region is partitioned into congruent parts and some
of these parts are shaded, we use a new kind of number to
deserihe what we see. These new numbers are called rational .
numbers. %, %u and % are rational numbers. They are read,

"one-half," "one-fourth," and "three-eighths."

Each of these figures at

the right suggests the same

rational number. fThe

rational number 1is

one=-fourth. The symbol, %,

which names the rational

number one-fourth is called a fraction. Fractions are written

using two numerals. The two numerals are separated by a

horizontal bar.

For example:
The numerals are 1 and 4,
The numeral above the bar tells
.Affffaf"fffgfthe number of congruent parts

of equivalent subsets described.
The number 1s called the
numerator.

/ The numeral below the bar tells
“rf,gf*'fffgfthe number of congruent parts
into which the set of ocbJjects,
unit region, or unit segment has
been partitioned. The number
is catled the denominator.
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What rational number 1s suggested by each of these figures below?

What rational number does each of these figures suggest?

Figure A suggests the rational number, »3-, ‘read three-fourths.
Figure B suggests the rational number, §-, read two-thirds.
Figure C suggests the rational number, g-, read two halves.

Figure D also suggests the rational number, %
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Exercise Set 2

i For each figure, write a fraction which names the rational

number suggested by the shaded region.

- ejo o
. \\\‘ e|lo o
x"l'\\\ e|lo o
' .
e|lo o
B
A c -
®@O0OO0O0O0
[—--
0 0000
F
2. Write as fractions:
a) one half d) one-eighth
b) one-third e) one-sixth
¢) one~tenth f) one=-fourth
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3. Copy the unit square in Pigure H at least six times.
(Maké more coples if you want them.) In how many ways can

you separate the unit square to show:

é? T %?

4, Copy and shade the part which is described by the fraction

below each figure.

1 ' 1
| | -
l 11 OO0
o\ T
| || OO0
1 111
A B8 Cc D E
' i 1 ! '
4 2 8 6 3

112
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5. Copy and complete this chart.

Fraction Number of Congruent Number of Congruent
" Parts in Unit Parts Counted

H{r

N

-

I~ [

o) o

o -

(o4 1]

6. On your paper, make 6 coples of the unit regidn shovn
below. Make the unit regions the same size. Then show

a picture that suggests each of the rational numbers named

in exercise 5.
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Exercise  Set 2

1. Use these Tigures tc complete the chart below.

-

A has been done for you.

Filgcure humber of Congruent Number of Rational
' Parts !n Flyure Shaded Parts lumber
Suggested by
Shaded Part
4 3
A 4 3 T
R
C
D
F
F

114
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2, Using figures A, B, C, D, E, and F of exercise 1,
write the name of the rational nunber sugreszed by the

unshaded part ol each flrure.

7S

e oy thcue flures to complete the sentences below.
0 1 .
X M N 4

o Y '
*————o—o—o Set C= { l,2,4,6,8.30,l2,l4}
Fig.B Fig.C

Fig.A
a) Flgure A has been separated into

congruent regions. reglion has been
shaded. The shaded region 1s best described

by the rational number named by the fraction

b) Points M, N, and O separate XY 1into

congruent segments. m XM = .

e ———

c) Set C has members, member
names an odd number. This member is

of all the members of Set C.
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Study your answers to exercises 1, 2, and 3.

Copy and then write "above" or "below" in each blank.

a) The numeral the bar names the number of
congruent parts into which the unit has been

separated.

b) The numeral the bar names the number

of congruent parts which are described.

Ann watched ‘levision programs. Each was % of an

hour long.

'a) How long did Ann watch television?

b) How much longer would she need to watch TV to make

her tdtal time 1 hour?

‘A figure llke the one pictured below was made by laying

'toothpicksf,each the same size, end-to-end. what

fractional part of the.perimeter is the "roof" o

-

GJ/




B N |
\ |

RATIONAL NUMBERS OREATER THAN ONE

Exploration

In the picture below, the 1line segment AB 4is 1 unit long.

|

I

|

|

|

|

|
o 4y

K o—

e e ——— —— —
-

L/

1. (a) on the number line the unit segment is separable
into congruent segments.

(b) Use a fraction: Each small segment is | of
the unit segment.

(c) The measure of XB 48 1, The measure of A5 is

also . (Use a fraction.)

(d) 1s g the measure of 1ine segment AR?
(e) 1s g the measure of line segment CD?
(£r) 1Is g the measure of line segment EF?
(g) 1s é the measure of line segment QH?
(h) 1s g the measure of 1line segment IJ?
(L) 1s '181' the measure of line segment KL?
117
Q ] ! ’




2. Each unit segment of the number line below has been
separated into 3 congruent segments. AR is the same

length as the unit segment.

A R B C - D

- et et . -

0 [ 2 3 .
L e e e . S ——— —— e ——— eSS

Use this number line to answer the questions,
(a) what fraction names the measure of AR?

(b) what fraction names the measure of KB? AC? XD?

3. Bill has a photograph album, Each page 1s separ: ted into U4

congruent parts. On each page he can place 4 pictures.

If Bill pastes 5 pictures in his album, he will cover
% of one page and %- of another page. What rational
number describes the number of pages covered?

‘ b
Fractions like g, g, %, %-, %‘-, -§-, %—, %, L tell us

that the measure of a segment or a region is less than 1.

Fractions like g, -g-,, %-, ;-, g, -g tell us that the

measure of a segment or region is exactly 1.

Practions 1tke §, i, 3, g, £ g-, £ tell us that

the measure of a segnent or region is greater than 1.
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Exercise Set 4

1. Copy the unit segments below. The dots separate each unit
segment into smaller, congruent segments. Label each dot

correctly.

0 |
- —reee — . —y
0 1 2

) 4 q

0o f
[ o il o P . ]
0 1

S S

(o) |
:—— —p P . o ——— . ]
v,

Each of the figures below represents a unit region or unit

Segment.

2. Study these diagrams. Then answer the questions on the

next page.
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How many thirds are there in A?
How many thirds are there in B?
How many thirds are shown in A and B together?

What rational fraction 1s suggested by the shaded
region of A and B together?

What rational number is suggested by the unshaded
region of A and B together?
wWhat rational number 1is suggested by the shaded region

in ¢? in D? in E°?

what rational number 1is suggested by the unshaded
region in C? in D? 1in E?

what rational number best describes the shaded regions
in C, D, and E altogether?

what rational number best describes the unshaded
regions in C, D, and E altogether?

What rational number is suggested by the shaded region
of F and @ together?

What rational number 1s suggested by the unshaded
region of F and G together?

In Figure H, what rational number is the measure of
AB? of AC?
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3. For each figure, write the fraction that names the rational

™~
\/\
number suggested by the shaded part.
‘ | unit | unit

| unit

V.

i
] ¢
)|
FIG.C FI1G. D FIG.E

4, Using these number-lines, complete the sentences below.

A (o] L 2 3 4
- > —- — — > — S
Q L e ] 4 S 6 7 8

. 2 2 2 2 2 2 2 2
(o] | 4 3 4

B8 —t—o- - o ~0- —- —— .- — -
2 5 | 1§ 2 24 3 3 4

a) 1 one and 1 half = ~»—~ Or

b) H =
c) 3 ones and 1 half = —»— oOr

'd) 2 ones and 1 half = —— or __
‘e) %=1__ and 1

\1‘) 2 = =y

8) F= ____
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Copy the line segment shown below on yow paper.

A

e P o - . -

KB is a unit cegment,

a) HMark a point D so that XD 1is unit long.

t) trark a point E so that A® 1is units long.

> ] L

c) vark a point F so that AF 1is g- units long.
Cop;r the line seme}'n: below. Notice each unit segment has

been serarated into 3 congruent segments.

Y
| 2 3

X
0
e - - — e <> - - * e

Using a certain unit, the measure of ¥ is ;-
Mark new points U, V, and W so that

a) X0 1s 1 "unit long.
b) XU 1s §- unit long.

c) XW 1s g units long.

Mark is U feet tall. Wwhat number gives his height in

yards?

Ellen watched 5 television programs. How many hours

did she watch TV 1if each program was:
a) %- of an hour long?

b) % of an hour long?
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DIFFERENT NAMES FOR THE SAME NUMBER

Exploration
1. The pictures >f unit regions below suggest some ways of

thinkins; of one-~half.

UL
LSS :

2

W_
A%%ﬁ%_*___
/@’/féﬁ&___d__
A

E
In A, what fraction names the measure of the shaded region?

In B, what fraction names the measure of the shaded reglion<
In C, what fraction names the measure of the shaded region?
In D, what fraction names the measure of the shaded region?
In E, what fraction names the measure of the shaded region?

In F, what fraction names the measure of the shaded region?
1 2 2 & 4 5 .
5 5 T I3 B and Yo are all ways of naming the

rational number é.

We can write: é-= % = % = f%.

What are some other fractions that name this same number?

‘We say that 1 15 the simplest name, or simplest furm, for
z

this rational number. Can you tell why?
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EEN

4—2 - -2 - - e o o - - - - L—h
0 1 2 3
3 3 3 3
2 1 2 3 4 S ]
6 6 6 6 6 6 6
0 1L 2 3 4 5 6 7 8 9 lou R
12 12 12 12 12 12 12 12 12 12 12 12 12
Make true statements by writing a fraction in each blank.
Use the number line above to help you.
1
a. 6=
10
b. Iz =
1-— =
Cc 3'—
4
d. '6= =
e 1 = = =
(o) |
B . —— — - e - e e e, @
0 L 2
2 2 2
0 1 2 3 4 3
S 5 5 5 5 5
O 1L 2 3 4 5 6 71 8 9 0
0O 10 10 10 10 0 I0 10 0 10 10

Use the number llne above to help you write the missing

numerator or denominator.

1

=& _n
a. E-ﬁ c. = 10
2 _ 1 _ 10 _ 8
L. =5 d. 1--n—_5-
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4, Using one number line, we can show many different names

for a rational number

-‘o - - - l e e - —

0 !

| i

0 1 2 3
2 2 2 2
Q 1 2 '3 4 S -]
4 q q | 4 4 4 ) 9
9 L 2 34 56 7 8 9 10U I2
8 8 8 8 8 8 8 8 8 8 8 8 8

We see that some fractions are names for the same rational number.

wWhat ot:hex? fractions are names for the rational number é- ?

What other fraction 1s a.name for the rational number %— ?
what other fraction 1s a‘name fcr the rational number %— ?

Can you find other fractions that name the same rational number
on this line?

One rational number may be named by many fractions.

The rational number may be named by: [1]1'-, g, ﬁ__p gp eeel

may be named by: [§-, -g-, g-, 1-82-, ceol

may be named by: [§" 1%, 1%, %, .

The rational number
The rational number

The rational number

S"" I W0 e

may be named by: {11‘6, 2%-, %, -4%, cee)
Can you think of other fractions which would name each of these
" numbers above?
Many fractions can be used to name the same whole numbers.
For example, 1 may be indicated by
g-.- ) ;{-, g—. g, and so on.

Can you name three other fractions that belong to this set?

?
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Exercise Set 5

Copy each of these figures.

Color %- of this figure.- -
%— is another name for . ; '

2.
Color g of this figire.
g 1s another name .for .
3.
1T .
! : | Color g of this figure.
l 1
-—J-—-L—-{-—-J 2
; ; | g 1s another name for .
i
I
11 1
“l
Color g- of this figure.
g is another name for
5.
~ 1 - 4
~ .
S~ lfx“ Color g of this figur-,
T TS T T b
-7 ~ g 1s another name for .
~ 1 ~




6. Using this chart, write as many names as you can for

.
,%// ffﬁ
7777
//AW
%V/

2
a) % ) z
b) %- e) é
c) % f) g

T. write at least three other fractions which name each of
the following rat%pnal numbers. If you can write more

than three, do so.

a) c)

0L LB L

b) d)

Hol viro ropn

e)

127
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8. The diagrams below suggest three other names far %w What
are they?

|
| .

' 17 A AA A A
l ) NWANWANAN

A
A B
0 | foot
- -
Q0 1L 2 34 5678 9 (01l 2
2 R2iRi2R1ZI12iZIZIZ 121 i2

9. Drav 5 boxes like the ones below. Separate each box
to show the mathematical sentence written below. The

first one is done for yon.

i
'l--—«
l
N |
1-2 a_1 1-2
2 4 8 2 4 8

ol
"
Sl
oll—

N
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Complete:

10.

~,

N O N N S

|
— — _ -
O ~kn R O ~pn ...l...+ll..“,ll.“-|.l+.ll. _ : _ ..“1
“w 0 & - ....l+..l.__....l,"....l+ll._T.llm.l.!r..i.#.l...“......l o
R on -
R R e B S e S ,z.
| ! i ] I

__z __., _u __w _z R A O R B

~ Nlo Ak ~HE 2D
]

- e — -
] P ] [+ ]

—
o

11.
~




The unit square shown on the preceding page has been

Separated into 100 congruent square regicas.

a) Each small square region 1s what part of the unit

square region?

b) Each small square region is what part of 1 row or

1 column of square regions”®

c) Each row or each column of square regions is what

part of the unit square region?

DI R s
0 B-% |
8) Y55 " 10 |

h) How many osmall square regions should Lou coler il you

Ly .
are to color 155 of the unlt squulre 1o icn”
83 , 100 1, 7 0 ans beo
100 Too ¢ - I¢ - 4 T

130




Puzzle. In how many different ways can you cover the unit
square using the f.actional pieces shown? E:' h
plece may be used .more than on¢e¢. You may wish
to trace, cut out, and ..ake several co~ies of eaéh

m- el region before you work your puz le.

Unit

—
1 |
4 2

1 1 1

2 4 8

AN
/L
L
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How many

Here are a few solutions to the puzzle on page 541

more did you discover?

—im —1® —io N ' /]
o . s s sy llnllll.J o G g U P So— ————— o— P s e o —— q— v—— q— — / '-8 lll—a V4
-\ - -l ! ’
- >~ -l - // 7
s wgunany S Sas—— Rl '1.'-\” lllllllll 'l- lllll -
r"l%mll —— e o c— Wlﬂnll.l.l lll-Mll' o g e G c— — c— m._.lllllalll.lll -_4 \#\ .Ila‘
! et II_B ll-s / “
AN R I B T 7 1N
'—2 r lllllllll — s G o S — — - —-— —— - 7/ — //.
- -1 7 PN
— i G G G Go— G — V— — ———
T L ..._8“ /L
e —~t L R
-l B -l 7
oo s s o S—— — ——— - o S e — — ——— — — - e T —,7] \\
-l - -t \\ -
TP l'd"l.ll'llll fpuscs cun w o . a— — — v— o e el kY ——— *Illllll.ll..!l
/
ll—a o, v . ——— c—— —— — - e e ——— oy \\ " \
. - -l rm\ -1 | =D N
1
! - | O L - | & \[\j
T =) /
— 2 amte LT e — L T b b kN Yy —— —
—I T e g
e T —— — e e cnn w—— —— as— v—— v— o P e s — — v ——— — — \Al. g
P : -l PN
l—.z -] 0 e —— — \\ lff.
. 7/ -l \
¥ J
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ORDERING THE RATIONAL NUMBERS

Exploration
‘g_ — - - - ! - — 2P
0 | 2 3 4
2 2 2 "2 2
0 1 2 3 4 S 6 [ 4 8
4 4 4 q 4 4 4 q q
0 1 2 3 4 S 6 7 8 9 ODUII2 13 KIS
8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8
Look at the number line.
Is %totherlghtof%-? Is >4 7
Is § to the rignt of %? Is %>§?
Is § totheright of %1 Is £> ¢
Is O tothe leftof 4+ ? Is RER
Ia%totheleftor;? Is %<§?
Isgtotheleftofg? Is §<§7

It 15 easy to see that %-. g-, ¥, and g- are ordered from
least to greatest.

Are 3, & ¢ and ;- ordered from the least to greatest?
It would be easier to decide if we used other fractions for

these numbers.

Using other names for these same numbers, we can write them as

éa » ']é)'p and 136"-

Now we see the numbers are named 1n order from least to greatest.

As you move to the right along a number line, the rational numbers

become greater. As you move to the left, they become less,
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Exercise Set §

1. Use this chart and the symbols > and < to complete the

senten-es below.

5 3 ¢
1 i1 1 1
4 q 4 4
1 1 i ] 1 1 1 1 1
8 8 8 8 8 8 |. 8 8
it LlLiLliiololoielalatrieiale
i6jcejisjcjejic|Ic|iclic|iclie|icl 6|16 |16 ]i6
a) F___ ¥ ¢) §___% ) 7__§
b) §_ ¥ ) z___ g f) §__%

2. Write the correct answer. The fraction chart above may be
used, 1f needed.

16 _ -
or -B-?

Which is farther to the left on the number line?

a) Which number is less: %}
b) Which number is less: %g or %g ?
Which is farther to the left on the number line?
¢) Which number is less: %; or %? ?
Which 1is farther to the left on the number 1line?
: \ o111 4
d) Wwhich number is less: T or x°?

Which is farther to the left on the number line?
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3. Arrange members of each set in order from léast to greatest.

Make diagrams i1f you need them.

A=[§; g-. -121-. 323-. ?_r]

B‘[;‘: g') 2, ‘gn %‘l‘]

k.  Associate a rational number with points a, b, e, d, e, £,

and g in the dirg;~ ~“elow.

-‘-9—1—1 FH—.-——“—l - - - e -
é % ‘g % e b ¢ d o f 9

a = ¢ = e = g:

b = d = f =

5. List in order the numbers used in counting by two-thirds

from §- to 4.

6. List in order the numbers used in courting by three-halves

from %- to 9.

7. Write two other names far each of the followlng numbers.

) ¥ ) F
b) 3 d) 3




‘8. Copy and complete by writing the symbol > or < in

each box. ;

a) %-_____é- | d) 1 ____.%
) 7 8 ©) T___3
c) ~ﬁ%_____ 1 r) éQ_____é

9. Rearrange these numbers in order from least to greatest.

) & & % B o7
1

1 1 1
b) 3': '5: %: 5:

c) %: g: é: %’

9 bz b2

10. Arrange in order the numbers in each set below. Begin
with the greatest.
IR A A
- {b & 3
c- {b & 3

11. Arrange these numbers from least to greatest.

1 1 1 1 1 1
20 B I - N T T
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-Exercise

Supplementary Exercises

ot

Ol

<l

mN

13[4

nvzc

Nie

=<

ole

l¢

M~

Ol

L2l g

A £) 4

"<

Nje

Ole¢

&l
al©
&l
~|©
&l
®|o
|0
o
D|o
O}
¥\
L [0V
N
=|®
Ol
|
L1 )
~ic0
ol
0l
¢
M|
Nl
~lo
Olw

in each blank to

or =

»

<

>

make a true sentence.

Copy and write

1.

The numher line above will help

you.

i3

r)

O

w

h)

I

d)
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2. Which fraction of each pair below will ".e farther to the
right on the nurber line? ‘

a}.],?-or.lal e)%ﬁor

o
T
b) 3‘51- or g- ) !‘%- or g-
c) g- or -]gg g) g or g-
d) l’ag or g- h) é- or ,lr

3. - Rearrange each set. Put members in order from least to

greatest.

e {5 3 % 4

1 1l 1 1
B = {‘n‘: -t B}

4, Copy and fill in each-blank with the symbol >, <,

or = .
a) §__ % e) 1___ 2
b) 2____;- r) g-___g.
¢) ¢___1 8) 2__ ¢
) 5% n g1

.5. Look at exercise 4. which fraction in each pair labels a
point farther to the right on the number line?
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A NEW KIND OF NAME

Nt

These pilctures help us think about the numbers, % and

A. / B. k f//%//é

\

Unit
Unit
17 71
i
Y
Unit
Unit
- 2 1 S 4 3
%’ - and ] T cr and T and T
g-= 1 one and 1 half lq}- <1 one and 1 one
or, and 5 tourthg
%= l‘é' ‘ %l— = 2 ones and
%  fourths
or,
11 _ .3
T T eT

Another way of naming % is L%
; 11 )
Another way of namlng =~ ls 2%

Ve call 11}; and ¢ mixed forms.

139
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!
‘l

|
|

Rational numbers named by fractions like %-, ?‘-, §, and
g tell us that the measure of a reglon, segment, or set s less

than 1,

Rational numbers named by fractions like g-, g, ;{-, and

g- tell us that the measure of a region, segment, or set is

egt_xal to 1.

Rational numbers named by fractions like 4, %, and ;
tell us that the measure of a regicn, segment, or set is greater
than 1. '

&

n
Other names for 1 are ;}, s and %-

Since this is true, Z—, g-, and g- may be renamed 1%—

1%, and 1§-.

1 2 " : ‘ - "
1ﬁ"—, 1w, and 13- are read, “onc and three-fourths,
"ene and one-half," and "one and two-thirds." Fractlons

viritten in this way are sald to be in mlxed form.
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Exercise Set g

1. Copy and finish the number line below. Then use it to
complete the mathematical sentences so that each will be

a true sentence.

9 1 2 3 4 5 &8
3 3 3 8 3 3 3

a) ;---3— and %- d) a%--e and §-
4 2-_ 6 2
=3 and g

2ﬂ

b) g- 1sTand§. e N
g-_ E) ‘48-3—

c) -131--3 cneaandT I;) 3%-=§ andT
11 1
LI B % S —

2. Arrange the numbers in each of the following sets in order

from least to greatest. Use diagrams if you need them.

re {3 o F o2 2 1}

B - {g, L, 204 % 2 5 5}

3. Peter has 13 blocks to walk to school. Each block 18 qi
| mile long. How many miles does he have to walk to school?
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., A pound of butter is usually divided into four bars of the
same size. Vicky found 7 bars of butter in her
refrigerator. How many pounds cf butter viere in the

refrigerator?

Can you do these without any help? Try some of them.

5. Write the mixed form for each of these numbers.

a) g-= d) 3=
b) g-- e) %? =
¢) 2= 1) I-

6. Which is greater? Write the name of the greater number in

each pair. You may use a number line to help you decide.

a) g or 1% e) '?' or 1
b) 2 or 12 £) 3% or 3
c) -132- or Z% £) ‘*% or %—é
d) 6 or -231- h) 1¢ or $

T. Copy and complete. Use diagrams 1f you need them.

o nfi
n "
= ™

a) 1§-=5 d)
b) 2%=5 e)

c) 2%-571' f)

o
]
'}—‘
\*o]

8. Between what two whole numbers on the number line would the

following fractions be?

. a) 5% b) 2¢ ) Tz 4) 6y




Exercise Set 2

0 1 2
0 1 2 3 y
-] 2 7 F- ?
0 1 2 _

- ->
0 1 2 3 4 g 6
3 ki k] kj K] 3
0 1 2

-— -
0 1 2 3 § 6 8
¥ 7 7 ¥ T 2 T $ ¥

i

0 1 2,

0 01 2 3 i 6 7 .8 10 11 12
13 ® [3) ® 3] g [} 13) (3] % T v B

5
0 1 2 .

5 1 2 i 6 7 8 10 11 12 13 14 15 16

3 .
B8 88 88 58§58 PRyl
1. Use the number line above. Copy the following mathematical

Ssentences. Wrlte the symbol > or

make the sentence true.

L%

a) 3'50-____115- e)
b) 2___ ¢ £)
¢) g___1 g)
d) &___ ¢ h)
143
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2. Starting at zero, 1list in order the numbers used in

a) counting by one-half to g-

b) counting by two-thirds to g-

c) counting by three eighths to }'t?

3. lirite 2 other names for each of the following.

8) e __ “
b) 1l = ’

c) 1%-- R

ay Fae__, °

b, Match each rational number in Colum 1 with a fraction

that names the same number from Column 2.

Column 1 Column 2
a) é- f£) g-
b) T | g) %
c) 2 h) 2 /
o 4 T
e) 1 3) g
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USING RATIONAL NUMBERS

Exploration
Below are pictures of sets of 12 objects.

D8tted lines separdte the picture
of Set A into 2 subsets.

How many obJjects are there in 1

subset?

J How many obJjects are there in -2

subsets?

Is % of 12 obJjects equal to

€ objects?

Is % of 12 objects equal to

U S SR W A T S—— VI v

Set A 12 objects?

-

Set B has been separated Into

4  subsets.

——

How many objects are in each

subset?

of 12 =

o

of 12

S ———
————

of 12 =

P.——-———-—-——-‘—-—-

[P A S T S W ST WS T SR f—

Ao H{o

of 12 =

4=

Set B

Is%oflE’:%—oflE?
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Dotted lines separate Set C into

Subsets.

. what 1is % of 122

What 1is §. of 127

et eeEtuy et A GEN G I LN I GHENR RN SIN SN Stnm

what 1s %’or 127

Set ¢C
Set D has been separated into
subsets.
|
| 2 = 5 of .12,
|
e a— — e — —— a— + —— — e —— — — u = 6 Of 12. -~
' .
2 —-:-—-—-————-{-———_—-.._ 8 = E Of 12-
| 10 = of 12,
| [
i 12 = g of 12.
Set D
Each subset in E shows
B of 12.
I | 1
| | | % of 12 =
| 1 |
————t— - ———— 1%- of 12
! : | p
| [ | o of 12 = __
F——t——d =
| I l. ™= of 12 =
! I | '
I 1 1 & of 12 =
. Set E

I
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Exercise Set 10

l. A, B, C, and D are unit square regions. Copy them on
'your paper. Separate each one into four equal regions.

a) Color %- of A red, *
b) Color & of B blue.

¢) Color % of C green.

d) Color ; of D green.

e) % is another name for .

f) wWrite the fraction that best describes the uncolored

regions of each unit square region above.

Points B and ¢ separate the unit line segment AD
into 3 Eongruent segments.

a) m1B = B ) mAY =
b) mAT = ' d) % -
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Exercise Set 11

l. Look at the picture of a set of objects below.
»

Ol O] ©}] ©
O] O] O] ©
o] Oo|loO] O
Ojocl o) O

It has been partitioned into 4 subsets.

The same number of cobjects are in each subset.

vhat 1is of 16° : what is %- of 167

Hn o

vhat 1is of 167 what 1is g of 169

2.- Here 1s another picture of a set of objects. It has been
partitioned into five subsets. The same number of obJeéts

are in each subset.

oio:ofofo
o;o:o:ofo
o10'0'o.o0
o;o;oioio
what 1is % of 207
What 1s ,ﬁ- of 207
What 1s % of 207 |
What 1is é of 207
mnatisgorec?
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Complete the following. Use sets of objects if you need them.

a);-ofﬁi e)g-ofﬁis
b) & of 4 1s f) # of 8 1s
1 2
¢) g of 8 is g) ¥ of 9 1s
1 2
d) 5 of 10 1is h) 5 of 10 1s
4, Jane bought six doughnuts. She ate % of them. How many
doughnuts did Jane eav” How many doughnuts did Jane have
left?
5. Bill had twenty marbles. He lost % of them, How manj
marbles did Bill lose? How many did he have left?
6. Alice had 36 Jacks. She truded % of them to Mary.
How many Jjacks did Alice trade? How many Jacks did Alice
have left?
T. On the way from the store, Bob dropped a dozen eggs. He
looked inside the carton. He found % of the eggs broken.
How many eggs are there in a dozen? How many eggs were
broken? How many eggs were not broken?
BRAINTWISTER

John gave Bill sixteen Jelly beans. This was % of the
number Jo::. had. How many did John have at the beginning?

149



!;.

Exefcise Set lg

There were 20 problems on an arithmetic test. John worked

all but % of them. How many probliems did John finish®?

% of a string of 12 Christmac tree lights had burned out.

Houw many lirhts had to be replaced?

At a sale, books that had been 50¢ were selling for é

of the regular price,. What was the sale price®

A box wnich had contained 24 cand;, bars was tv- -thirds

full. How many candy bars were in the box?

A football game 1s played in 4 quarters. It takes 1 hour
of actual playing time to play a game.  How many minutes of

actual playing time are gone at the end of the third quarter?

There were 6 boys and 3 rirls on a softball team. What

part of the team were boys?

Theﬂyear 15 sq.arated Into four seasons of equal length.

Ythat part of the year is each season?

Mary has a collection of 1 dolls. % of them represent

chlildren tfrom other countries. How many of the dolls

represent children from other countries®

Jim was makiny;;, a model of a plane. He needed a single plece
of wood % of a foot long. He had a piece of wood 8

Inches long. Could he use this plecet Why*
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